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Abstract 

We compute the precise elementary/composite field content of mass eigen- 
states in holograpliic duals of warped models in a slice of AdSs. This is accom- 
plished by decomposing the bulk fields not in the usual Kaluza-Klein basis, but 
rather into a holographic basis of 4D fields, corresponding to purely elemen- 
tary source or CFT composite fields. Generically, this decomposition yields 
kinetic and mass mixing between the elementary and composite sectors of the 
holographic theory. Depending on where the bulk zero mode is localized, the 
elementary/composite content may differ radically, which we show explicitly 
for several examples including the bulk Randall-Sundrum graviton, bulk gauge 
boson, and Higgs boson. 
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1 Introduction 



The AdS/CFT correspondence suggests that certain strongly coupled four-dimensional 
(4D) gauge theories are dual to weakly coupled theories defined on a five- dimensional 
(5D) warped geometry [U El [3]. The extra dimension can therefore be utilized as 
a calculational tool to understand properties of composite states in the 4D theory. 
Indeed the dual interpretation of the compact Randall-Sundrum model [4] is that 
the Standard Model fields localized on the infrared (IR) brane are composite states 

laiiiTi. 

In a slice of 5D anti-de Sitter (AdS) space, the finite ultraviolet (UV) boundary 
in the warped extra dimension translates into a UV cutoff of the dual conformal field 
theory (CFT), and in turn implies the existence of a dynamical source field. This is 
an elementary degree of freedom, external to the CFT. The presence of an IR brane is 
interpreted as a spontaneous breakdown of conformal symmetry, marked by the ap- 
pearance of resonances, or bound states of fundamental CFT fields. Mixing between 
the elementary (source) and composite (CFT) sectors produces the mass eigenstates 
of the theory, corresponding to the Kaluza-Klein fields from the 5D perspective. In 
other words, the mass eigenstates in the dual theory exhibit partial compositeness. A 
complete, quantitative treatment of this mixing has thus far not been presented. For 
instance, it has not been possible to say precisely how much a given mass eigenstate 
is composed of source and CFT fields. 

The purpose of this paper is to quantitatively characterize the mixing between the 
elementary and composite sectors in holographic duals of theories defined on a slice of 
AdSs. Instead of compactifying the 5D theory using a Kaluza-Klein decomposition, 
which results in a diagonal action, we propose to expand the bulk field directly in 
terms of purely source and CFT bound states. We designate the term holographic 
basis to denote the set of fields and y-dependent profiles that form this expansion. 
The decomposition generically results in both kinetic and mass mixing. We set up 
the general eigenvalue problem and outline how to diagonalize the system. Of course, 
this must lead back to the Kaluza-Klein, or mass eigenbasis, which we show explicitly 
for numerous examples. The transformation that diagonalizes the system tells us pre- 
cisely how much a particular field is composed of elementary and composite degrees 
of freedom. Geometrical intuition of phenomenological models in warped space can 
now clearly be translated into the language of elementary/composite mixing. This 
formalism is applicable to any bulk theory which contains a massless mode in the 
Kaluza-Klein decomposition. 

The theory we study in this paper is a 5D scalar field with bulk and boundary 
masses [SI E] • By tuning these masses, a zero mode can be localized arbitrarily in the 
extra dimension, corresponding to different dual interpretations of the bulk theory. 
For particular values of the boundary mass, this theory mimics that of a bulk graviton 
or gauge boson, and is thus a simple but relevant example to study. This formalism 
can also be applied to the case of bulk fermions PO]. A phenomenological approach to 
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holographic mixing has recently been applied to warped phenomenology in Ref. 

The structure of this paper is as follows: In Section 2 we begin with a truncated 
2x2 mixing problem which illustrates simply many of the nonstandard features of this 
eigenvalue problem, including kinetic mixing and nonorthogonal transformations. We 
review the theory of a 5D scalar field with bulk and boundary masses in Section 3 in 
particular focusing on those aspects of the dual interpretation which will provide the 
motivation for the holographic basis. In Section 4, we propose the holographic basis 
and analyze the general eigenvalue problem. In Section 5 the specific examples of the 
graviton and gauge boson, as well as generic composite scalar fields, are presented, 
showing explicitly the elementary/composite content of each field. Conclusions and 
possible directions for future work are presented in Section 6. 



2 A truncated holographic mixing problem 

Many features of the holographic eigenvalue problem are unfamiliar. As mentioned in 
the introduction, there is always kinetic mixing between the source and CFT sectors. 
Diagonalizing the system thus requires the intermediate step of canonical normaliza- 
tion, which is simply a rescaling of the fields. As a result, the transformation matrix 
that diagonalizes the system is not orthogonal. It is still straightforward to specify 
the elementary/composite content of a particular mass eigenstate by examining the 
corresponding eigenvector. Before proceeding to the general problem in which we 
analyze the entire tower of composite states, it is instructive to consider a truncated 
version which illustrates the unfamiliar aspects of the problem. Of course, these is- 
sues have been encountered before. For instance, kinetic mixing between the photon 
and Z boson occurs through electroweak corrections. Another example is given by 
Z — Z' boson mixing, where in general there may exist mass as well as kinetic mixing 

m- 

Forseeing our main results, let us consider a truncated holographic theory con- 
taining a massless source field (y9**(a;) and a single composite field '^^{x) with mass 
Ml. Kinetic mixing in the Lagrangian implies that the mass eigenstates are elemen- 
tary/composite mixtures. The Lagrangian is 

l~' l~' elementary ~l~ l~' composite ~l~ ^mixj (l) 

where 

^elementary T^^^l^i'^'P ) i (^) 

/^composite = —{df^ip^f-^M^^ip^f, (3) 

Cmix = -sine df.ip'd'^ip^. (4) 

The kinetic mixing is parameterized by the mixing angle 6. Notice that we neglect any 
mass mixing in Cmix- This is in fact a realistic assumption; as we will see later, there 
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is no mass mixing for many phenomenological examples. Actually, this truncated 
example quite accurately describes the bulk Randall- Sundrum graviton and gauge 
boson, discussed in Section 5. 

We diagonalize the system in three steps. First, we perform an orthogonal rotation 
which leaves the kinetic terms diagonal, but induces a mass mixing between the 
rotated fields. Next, the kinetic terms are canonically normalized by scaling the 
fields. Finally, we rotate the scaled fields to diagonalize the mass terms. Altogether, 
the system is diagonalized by the following field redefinition: 



\ ( \ _ f sine \ f 
<^/^WW~VO cos^ J 



(5) 



The physical Lagrangian is thus 



C = -l{d,<pr - lid,<pr - ^M^ec^^(0^)l (6) 

There is a massless eigenstate as well as a massive state corresponding 

to Kaluza-Klein modes in the 5D warped theory. 

The transformation ([5]) is not orthogonal. This is easy to understand: the inter- 
mediate step of canonical normalization can be seen as a redefinition of the fields via 
a diagonal nonorthogonal matrix. Still, the elementary/composite content of each 
mass eigenstate can easily be read off from ([5]). For example, the fraction e of the 
zero mode (f)^{x) that is composite is 

sin^^ (7) 



1 + sin^ e 



Another interesting feature is that only the massless mode (j)^{x) contains the ele- 
mentary source field; the massive mode is purely composite. We will see that this 
feature occurs for a wide class of examples in the general problem. 

At this point, we might ask why the mixing in the original theory needs to be 
formulated in terms of kinetic mixing instead of the more standard mass mixing. 
After all, we can always transform to a set of fields where only mass mixing occurs. 
Indeed, this is exactly what the first two steps in our diagonalization procedure 
accomplishes. However, there is a physical reason we must work with kinetic mixing: 
the holographic interpretation dictates that the pure source and CFT states have a 
particular set of diagonal mass terms. We will show that the correct diagonal masses 
occur in a basis where there is kinetic mixing. In fact, kinetic mixing was anticipated 
in the case of the bulk gauge field in [5]. 



3 The Kaluza-Klein mass eigenbasis 

Let us now turn to theories in a slice of AdSs, reviewing aspects of both the conven- 
tional Kaluza-Klein analysis as well as the holographic interpretation. We will study 
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a scalar field with bulk and boundary masses, showing how to localize a zero mode 
anywhere in the bulk [8| f9| . The metric for this background is 



-^^^ri^^dx^'dx'' + dy^ 



(8) 



where k is the AdS curvature scale. The extra coordinate ranges from y = to 
y = 71 R where there exists a UV and IR brane, respectively. Latin letters {A, B, . . .) 
denote 5D indices, while Greek letters {fi,i>, . . .) are reserved for 4D indices. 4D 
indices are raised and lowered with r] = diag(— , +, +, +). 

Consider the action describing a real scalar field y) propagating on this back- 
ground: 



S 



\{dM4>f - lae<P' - bk<p' {S{y) - S{y - tiR)) 



(9) 



where the bulk and boundary masses are written in terms of the AdS curvature scale 
k with dimensionless parameters a and b, and y) satisfies the boundary condition 



(^5 - bk)(f){x,y) 







(10) 



0,7r_R 



The standard procedure to obtain the 4D modes is to perform a Kaluza-Klein de- 
composition. 



0(x,y) = x;</>"(^)r(2/), 



:iii 



n=0 



where the resulting 4D theory is diagonal in the Kaluza-Klein states, and is thus 
written in a mass eigenbasis. The eigenfunctions /"(y) are orthonormal. 



dy e-2fcs//"/™ = 5"'^ ^ 

and satisfy the equation of motion, 

'd,e-''yd, - ak'e-M r{y) = -mle-^'^y T {y) 



(12) 



(13) 



with the boundary conditions (ITUI) . 

In order for a massless zero mode to exist (mo = 0) the mass parameters are 
tuned to satisfy the relation 



fe = 2±a = 2± ^4 + 



(14) 



where a is taken to be real, implying that a > —4 and — oo < 6 < oo. The normalized 
zero mode solution compatible with the boundary condition ffTOl) is then given by 



2{b-l)k 

^2{h-l)-KkR _ 

4 



^bky 



(15) 



Since b can take any real value, the massless mode can be localized anywhere in 
the fifth dimension, admitting qualitatively different dual interpretations of the 5D 
theory. In fact, as we will see later, this simple scalar field theory quantitatively 
captures the elementary /composite mixing of other bulk bosonic fields, in particular, 
the graviton (6 = 0), and the gauge boson {b = 1), making it a very useful and general 
theory to study. 

We can also derive the eigenfunctions of (IT^ for excited modes, m„ 7^ 0. The 
spectrum can be found by applying boundary conditions ffTOj) to the eigenfunctions 
and is determined by the zeros of the following equation: 

..«(^)v;..(^)-v,.(^),..(-£!^)^o. (16) 

As mentioned above, the resulting 4D action is diagonal (by construction), and thus 
the 0"'(x) are the physical fields in the theory. 

3.1 The holographic dual interpretation 

Alternatively we can analyze the theory iQ by using the so-called holographic pro- 
cedure [9]. Inspired by the AdS/CFT correspondence, the bulk field (t){x,y) has a 
corresponding CFT operator O in the 4D dual theory, and the UV boundary value 
^o[x) = 0(x, 0) is a source for this operator in the partition function. The dual par- 
ticles are bound states composed of fundamental fields in the CFT. Thus, we expect 
these states to appear as poles in the two-point function (OO), much like mesons in 
QCD. Indeed, in the pure AdS case, where the dual theory is described by a gauge 
theory with a large number of colors Nc, it is well known that the correlator can be 
written as a sum over an infinite number of narrow resonances [131 [S] : 

where F„ = (0|(9|n) is the amplitude for the operator O to excite a resonance from 
the vacuum. We use M„ to denote the masses of the CFT resonances, distinct from 
the eigenmasses m„. The composite states are composed of the fundamental fields 
in the large gauge theory. However, with a UV cutoff the source field becomes 
dynamical, mixing with composite states and modifying the spectrum. The low- 
energy Lagrangian is not diagonal but contains mixing between the source and CFT 
states. 

The poles corresponding to the CFT masses M„ are determined from the cor- 
relator (OO). Following the holographic procedure, the correlator is obtained by 
integrating out the bulk degrees of freedom, and deriving the boundary effective ac- 
tion. For the action the self-energy ^(p), which contains the correlator (OO) 



5 



and induces dynamics for the source, is given by [9] 



S(p) = Tip 7 ( ■ (18) 



Note that we have omitted a factor = in our defininition of In the 

hmit of large Euchdean momentum, we can extract the dimension A of the CFT 
operator O: 

A = 2 + |6-2|, (19) 

indicating relevant, marginal, or irrelevant source/CFT mixing depending on h. In 
particular, strong mixing occurs at low energies for 1 < 6 < 3. 

The poles of S (p) are given by the zeros of the denominator in (ITSl) . Comparing 
with Eq. (ITTj) . we conclude that the mass spectrum of the composite CFT states is 
given by 

This does not correspond to the physical spectrum of the dual theory because we have 
not yet taken into account the dynamics of the source field. Nontrivial mixing between 
the source and CFT sectors is generated through the interaction ^pqO and modifies the 
spectrum. Quantum corrections involving insertions of the {OO) correlator effectively 
invert S(p). The eigenmasses m„ are thus given by the zeros of S(p) rather than the 
poles, identical to the masses of the Kaluza-Klein states f|T6l) . Hence, the spectra of 
the two theories are indeed identical. 

The decay constants are found by computing the residues of S(p) at the pole 
= -Ml [El [IS]: 

(21) 



{ k ) ^a±l \ k 

Later, we will show that these amphtudes match those computed using the holo- 
graphic basis. 

There are two branches in the correlator S(p): a (+) branch for 6 > 2, and a (— ) 
branch for b < 2 [9j. On the (— ) branch the dual description consists of a massless 
elementary source field coupled to massive composite CFT states, whereas on the 
(+) branch, the massless particle in the dual theory is primarily a CFT bound state, 
while the elementary source becomes very massive. For very large \b\ the mixing 
between the elementary and CFT sectors is negligible, and the mass eigenbasis is 
very well approximated by the holographic basis. However near the transition point 
6 ~ 2 strong mixing between the elementary and composite sectors produces the 
mass eigenstates. 
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Although exactly massless on the (— ) branch, the source field picks up a large 
mass of order k on the (+) branch, which can be derived by expanding at high 
momentum ke~'"^^ < p < k : 

~4(6-2)(6-3)P. (22) 

Furthermore, the CFT produces an exponentially light composite state below the IR 
scale, which can be derived from (l20l) at low momentum p < ke"^^^ 

Ml ~ 4a(a + i)A;2e-2("+i)-'=« = 4(6 - 2) (6 - l)^ e~^^^-^^^^^ . (23) 

The next pole appears around the IR scale (~ TeV in RSI). Qualitatively, this 
is telling us that the massless particle on the (+) branch corresponds primarily to 
a composite CFT bound state, and contains only a very small admixture of the 
elementary source field. No such light pole appears in S(p) on the (— ) branch. 
This makes sense because on the (— ) branch, the massless state corresponds to the 
elementary source field, external to the CFT, and thus should not appear as a pole 
in E(p). As we increase h on the (+) branch, the first CFT bound state becomes 
lighter and lighter, as can be seen from fl23|l . and accordingly, the first pole moves 
increasingly closer to p^ = 0. This agrees with the analysis in [T71 E], where the UV 
brane was removed completely and a massless pole was found. 

What we will accomplish next is to write the analog of a chiral Lagrangian in 
QCD: an effective field theory describing a set of CFT resonances mixing with an 
elementary sector. The CFT bound states will have masses M„ determined by (!20|) . 
the dynamical source field will be either massless or massive depending on which 
branch (+/— ) is under consideration, and there will be mixing between the source 
field and the CFT bound states. It is crucial to notice that the CFT spectrum (1201) 
would arise in the 5D theory by applying Dirichlet conditions at the UV boundary 
(y = 0). This observation will play a key role in defining the holographic basis, to 
which we now turn. 



4 The holographic basis 

Based on the preceding discussion, it is clear that mass eigenstates in the holographic 
theory are a consequence of mixing between the elementary (source) and compos- 
ite(CFT) sectors. To represent the mixing taking place between the elementary and 
composite sectors, we propose to decompose the action by expanding the field (j){x, y) 
directly in terms of a source field ip^{x) and a tower of CFT bound states ^^{x), with 
the associated wavefunctions g^iy) and g^{y): 

00 

0(x, y) = ^\x)g\y) + ^ ^''{x)g^{y) . (24) 

n=l 
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We refer to this expansion as the holographic basis. 

Clearly the profiles g'^{y) and g"'{y) must be different than the Kaluza-Klein pro- 
files f"'{y)- Consider first the profiles of the CFT resonances g^{y)- Recall from the 
previous section that the CFT spectrum (!20|) derived from the correlator corre- 
sponds to applying a pure Dirichlet condition at the UV boundary, 0(a;, ?/ = 0) = 0, 
and the modified Neumann condition (ITUI) at the IR boundary (12U]) . We assume there- 
fore that the CFT profiles g^{y) satisfy the bulk equation of motion (with eigenvalues 
M^) and the following boundary conditions: 



{d, - bk)g^{y) 








(25) 
(26) 



ttR 



Also, we impose a wavefunction normalization analogous to 0121) in order to have 
canonical kinetic terms. Explicitly, the CFT eigenf unctions are given by 



(27) 



The coefficient k(M„) is found by applying the boundary conditions fl2S]) and fl2^ : 



k(M„) 



y^ it) (M^ 



(28) 



yielding the mass eigenvalue equation (1201) . We also give here the normalization 
N^^"^ , necessary for the computation of the source/CFT mixing: 



n: 



CFT 



V2 (Mil'] _ V2 f M^e^i^R 
{ k ) ^a±l \ k 



(29) 



Next, for the source profile g'^i^y) the AdS/CFT prescription tells us precisely 
what to use. To construct the boundary action, we require the bulk field 0(x, y) to 
behave near the UV boundary as [18]: 



0(X,?/) 



,(4-A)fct/ 



¥Po(x)+e^'=M(x) 



(30) 



where the operator dimension A is given in (fT9|) . The field ipo{x) is the source 
field, related to ip'^{x) by an overall normalization, and A{x) is interpreted as the 
expectation value of the CFT operator, {0{x)), which we will not need here. This 
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suggests the source profile is given by 



2(fe-l)fc bky 



(.bky b<2 , 



(y) = Nj'-^'^'y = { (31) 

.'^L^ e^'-'^^y for h>2. 



9' 



The normalization A^^ is cfiosen so tliat tlie kinetic term is canonical (as in ( jT2l) ). 

Tlie liolograpliic meaning of tlie source profile can easily be understood: for large 
|6| the source is UV localized, separated from the composite modes localized on the 
IR brane, meaning the mixing is irrelevant. However, for 1 < 6 < 3 the source profile 
with respect to a flat metric, g^{y) = e~''yg'^{y), is actually localized on the IR brane, 
corresponding to relevant mixing between the source and CFT sectors. This precisely 
matches the mixing inferred from the operator dimension A flTI?]) . 

Note that when we are on the (— ) branch (6 < 2), the source is massless, so it 
is logical that g''^{y) is identical to the zero mode profile f^{y) (fT5l) . However, on the 
(+) branch (6 > 2), we know from holography that the source picks up a mass (122|) 
and hence it must have a different profile. Let us examine the source dynamics on 
the (+) branch. Inserting the expansion (IMl) with the source wavefunction ( J3T1) into 
the action ([9]) and computing the overlap integral, we find 



S = (fx 



1 n...., ..o.„ 1 



--e 



-^^y{gr{d,v'f - -e-'^y^d^g-fivr 



-laee~^'y{g^f{^^f - bke-'^y {g'f {^^f {6{y) - 6{y - rrR)) + ■ ■ 



Jd^x 



2^ Pr / 2 

where we have defined M'^ to be 



(32) 



2{2-b)TTkR _ 1 

^.^ = ,2(3-.K.^_l 4(&-2)(&-3)fc^ (33) 

This matches the result from holography (122!) except for the exponential factor. The 
origin of this coefficient can likely be derived from considering renormalization group 
running arising from source-CFT interactions. We will simply check that the correct 
mass eigenvalues are obtained after diagonalizing the holographic Lagrangian, which 
would not happen if the source had a different mas^. 

One final point regarding the holographic basis deserves comment. Regardless of 
which basis we use, the bulk field (f){x,y) must satisfy the boundary condition (fTOj) . 
In the Kaluza- Klein basis, the profiles /"(y) satisfy this condition by definition, so 



^ In particular, in the Appendix we give an analytic proof of the existence of a massless mode, 
and the exponential factor in (|33p is crucial in the proof. 
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clearly the bulk field y) does as well. However, in the holographic basis, the 
functions g"'{y) obey Dirichlet conditions on the UV boundary, and g^{y) does not 
satisfy the boundary condition (fTOj) on the (+) branch. It is possible to show, using 
the 4D equations of motion for the the source and CFT composites if"', that the 
bulk field does indeed satisfy (fTOj) in a nontrivial manner. 

Armed with a complete definition of the holographic basis fl24l) . we can now 
decompose the bulk action and examine the elementary/composite mixing in the 
holographic theory. 



4.1 The eigenvalue problem 

Expanding the field in the holographic basis fl24l) will, by construction, produce mix- 
ing between the source ip'^ and the CFT fields ip". In this section we will outline 
the procedure for diagonalizing the system. In the end, we must reproduce the mass 
eigenstates derived from the Kaluza-Klein procedure (fT6!) . 
Inserting the expansion (12^ into the action (Q, we have 



S = S{if') + ^((/^") + s„ 



where 



^ ■ 



d X 



/oo 
n=l 

/oo 
n=l 



(34) 

(35) 
(36) 

(37) 



The diagonal CFT masses are determined from (|20|) . We see there is kinetic 
mixing Zn and mass mixing /x^, both of which can be computed from wavefunction 
overlap integrals: 



■kR 



dy e-''yg^g\ 



(38) 



dy e-''y [d,g'd,g" + ak^g^g"^ + 2bkg^g" {6{y) - 6{y - ttR))] . (39) 



The kinetic mixing z„ ^ 0, which means that the functions g^{y) and g"{y) form a 
nonorthogonal basis. 

We can represent the system more compactly in matrix notation: 



(40) 
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where (p^ = {if 



and the mixing matrices are defined as 



/ 1 
(Ml 



Zl 

1 





Z2 



1 





Z3 



1 



(41) 



/if 






M| 







Ml 



(42) 



y ::::•. / 

To diagonahze this system, we proceed in three steps, analogous to the 2x2 
problem discussed in Section 2. First we perform an orthogonal rotation in field 
space, — > \J0, which diagonalizes the kinetic portion of the Lagrangian. Sec- 
ond, although the resulting kinetic action is diagonal, we must additionally canon- 
ically normalize the action. We do this via a nonorthogonal diagonal matrix T = 
'1/ A/eigenvalue (Z)). Altogether, we have 



diag( 



T U Z T = 
T U T 



M 



/2 



(43) 
(44) 



Third, the transformations that diagonalize the kinetic terms will create a more 
complicated mass matrix M'^ than initially appears in (142|) . We must therefore 
perform another orthogonal field rotation, VT^^Uip, which diagonalizes the 
mass Lagrangian, 



^ V T U T 



m 



(45) 



If our hypothesis regarding the holographic basis is correct, the diagonalized system 
must match the Kaluza-Klein mass eigenbasis: 



/ 

ml 



m 





o' 







mi 



\ 



(46) 



y : : : : •• / 

We will verify that this is indeed the case in Section 5. 

Finally, we can write the mass eigenstates in terms of the source and CFT fields to 
see precisely how much each mass eigenstate is elementary and composite. Defining 

we have 



V T"^ U ^ 



(47) 
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Notice that the transformation T is not orthogonal, but rather simply a scaling of 
the fields. Thus, the mass eigenstates cannot be written as an orthogonal combination 
of source and CFT fields. It is still possible to characterize the source/CFT content 
for any given mass eigenstate by examining the corresponding eigenvector. 

The first nontrivial check of our formalism is the existence of a zero mode, which 
is true if det M'^ = 0. It is straightforward to compute this determinant: 

oo 4 

det M'^ oc - J] ^ . (48) 

n=l 

We will see that detM'^ = is trivially satisfied on the (— ) branch since the source 
is massless and there is in fact no mass mixing. On the (+) there is mass mixing as 
well as a massive source field, so it is certainly nontrivial that det M'^ vanishes, as 
we will discuss shortly. 

We are not able to offer an analytic solution to the eigenvalue problem, and leave 
it as an interesting open problem. Instead of an analytic diagonalization, in Section 
5 we present numerical examples that our formalism is correct. In order to facilitate 
these calculations, we present next the analytic expressions for the kinetic and mass 
mixing coefficients Zn and /i^ for each branch. 



4.1.1 



branch 



The source is massless on the (— ) branch, = 0. Moreover, there is no mass mixing 
on the (— ) branch. We can see this by integrating by parts in (l39l) and using the 
equation of motion for g^{y), which is the same as the zero mode f^{y) and is given 
in (fT3|) . Taking note of the boundary conditions (!25|) and (!26|) . /i^ is easily seen to 
vanish. Clearly, det M'^ = (HSj) . and there is a massless eigenstate. 

Thus on the (— ) branch, there is only kinetic mixing. This mixing can be com- 
puted analytically. Inserting the wavefunctions g'^ and into fl38l) . we have 



CFT 



k 



dy e 



bky 







M„e 



ky 



+ K{Mr,)Y^ 



k 



Mr, 
k 



u{ttR) 



du 



m(0) 



J„(n) + K{Mn)Y^{u) 



2kNsN^^^ 



(49) 



In the second line above, we have changed variables io u = Mne^^/k. 

In fact, for most values of b on the minus branch, the mixing problem is well 
described at low energies by the truncated problem described in Section 2. We can 
identify sin 6' = Zi, and for n = 1,2, . . . use the approximate mass formula, 

b 



n 



1 

2 + 4 



Tike 



-nkR 



(50) 



12 



to write 

I b-1 

s^^^-^Wy l-e2(i-feM« , (51) 

where c{b) is an 0(1) coefficient independent of k and R. This simphfication works 
well for 6 < 1, where the source/CFT mixing is small, and the ffist CFT mass is 
above the IR scale. However, in the region 6 ~ 2, the CFT produces a very light 
composite state and the above expression is not valid. 



4.1.2 (+) branch 

On the (+) branch, there is nontrivial mass mixing as well as kinetic mixing between 
the source and CFT sectors, and thus the eigenvalue problem is somewhat more 
complicated, but the diagonalization procedure is the same. The mixing coefficients 
Zn and n'^ can still be computed analytically. Let us ffist examine the mass mixing 
/i^. Integrating by parts in fl39|l and using the source wavefunction g^{y) fl3Tl) the 
coefficient //^ can be written boundary term: 

/i^ = 2(2 - b)ke-'-'^g\nR)g-{nR) . (52) 

Inserting the wavefunctions ( 13T|) and ( 1271) . we have 



The kinetic mixing z„ (1381) can be evaluated in a similar manner to (H9l) . and is 
given by 



2aA;e-("+^)"^'-^ 1 



(54) 



On the (+) branch, it is not readily apparent that there is a massless eigenstate 
since det M'^ = fHHj) is nontrivial. However, we show analytically in the Appendix 
that 

E^ = ^'^?. (55) 

n=l " 

implying that there is indeed a massless eigenstate on the (+) branch. 

A simple 2x2 truncation will not work on the (+) branch because the source field 
is massive ( !33|) . To ensure an accurate diagonalization, we must include a certain 
minimum number of composites in the truncation such that the heaviest mass does 
not belong to the source field. 
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4.1.3 Source/resonance mixing 

As a nontrivial check that the holographic basis correctly describes the proper inter- 
actions between the source and CFT sectors, consider the matrix element: 



:(^1^^|0)(0|O|n) 



(56) 



where Zq = can be derived from the correlator |9]. Using the analytic expres- 

sions for Zn fj49| and /x^ fl53l) , we can write the amplitude F„ (|2T|) in the following 
simple form 



(57) 



-Ml 



The result (1560 clearly matches that derived from (!37|) . since in momentum space the 
Lagrangian is 



and hence the amplitudes are identical. 



4.2 Eigenvectors 

Once we trust that the holographic basis correctly describes the elementary/composite 
mixing of the dual theory, we can obtain the eigenvectors directly by equating the 
Kaluza-Klein ( llip and holographic fl2^ expansions of the bulk field (j){x,y): 

oo oo 

E ri^)ny) = f'i^)9'iy) + E • (58) 

n=0 n=l 

Using the orthonormal condition (fT2|) . we can write the mass eigenstate in terms of 
the source and CFT fields: 

oo 
n=l 

where 

t;- = J dye-''yny)g%y) , (60) 
= J dye-''yny)g"^iy) . (61) 

In particular, for the massless mode 4>^{x), the integrals can be performed ana- 
lytically. Consider first the (— ) branch, b < 2. Since g''^{y) = /°(l/), the eigenvector 
takes a very simple form with = 1, f'^™' = Zm, where z^ is given in fH^ . 
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On the (+) branch, the source wavefunction (l3Ti) is different from the f^{y), but 
it is still straightforward to compute the zero mode eigenvector. Consider f"*: 



v/(3-6)(6-l) for 2 < 6 < 3 , 

(63) 

v/(6-3)(6- l)e-(^-3)-^^ for 6 > 3 . 

This matches our expectation from the dependence of the dimension of the CFT 
operator O on h. For 2 < 6 < 3 there is a relevant coupling between the source and 
CFT sectors, reflected by the fact that the source yields an order one contribution to 
the massless mode in (l63ll . On the other hand, the source contribution to the zero 
mode content is exponentially suppressed for 6 > 3, consistent with our knowledge 
that the source/CFT interaction is irrelevant for large values of h. 
We can also compute w °" for b > 2, which is found to be 

" vrM^r„(M.) - My 

For the first composite state, which has an exponentially light mass fl23|) . we can 
show for 6 > 3 that ~ 1. On the other hand, for the higher composite modes 
n > 1, is exponentially suppressed. Along with ( l63l) . this tells us that on the (+) 
branch for 6 > 3, the zero mode is effectively the first CFT bound state: 

(f)\x) ~ ip\x) . (65) 

As another check, the CFT wavefunction g^{y) takes the following form for large 

values of a: 

g\y)^2 ^2[a + i)fce-("+i)"'= sinh aky . (66) 

For y > this matches the zero mode wavefunction ( |T5l) . Note that we must expect 
some deviation from the zero mode profile near ?/ = since g^[y) obeys Dirichlet 
conditions at the UV boundary. 

Finally, consider massive eigenmodes. On the (— ) branch, these modes are purely 
composite and contain no source field. Explicitly, since g'^iy) = f'^{y), f"* = by 
(fT2l) . However, the massive eigenmodes do become partly elementary on the (+) 
branch, v^'"^ ^ 0. 



4.2.1 Physical interpretation of the mass eigenstates 

To define the "compositeness" of a mass eigenstate when the mixing involves an infi- 
nite set of composite resonances, let us focus on the massless mode, with eigenvector 

oo 

0°(x) = v^'^'ix) + J2 v^'^'^ix) . (67) 

n=l 
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Mathematically, it would be natural to define the "compositeness" of the zero mode 
by the following fraction e : 

oo 

^ = • (68) 

n=l 

We show in the Appendix that Xl^il"^"")^ — 1 5 values of b. This leads to 

an apparent paradox. On the (— ) branch, we previously showed that v^^ = 1 for 
all values of b. By our above definition of compositeness ( 168|) . the zero mode is 50% 
elementary - 50% composite, regardless of the value of b. For example, the gauge 
boson and the graviton are equally composite by the definition e above (168|1 . 

To an experimenter, however, the "compositeness" of a particle is an energy de- 
pendent statement. As an illustration, consider a measurement of the electromagnetic 
form factor of the pion ^^^(p^). This form factor can be interpreted as an effect arising 
from the hadronic structure of the photon [19] . At low energies the probe is pointlike 
and composed of the QED photon, while at energy scales of order 1 GeV the p meson 
mixes with the elementary photon. The form factor gives us information about the 
structure of the "composite" photon, in particular the couplings between the QED 
photon and the QCD p meson, which are analogous to Zn and /i^ in our case. Of 
course, as we continue to increase the energy of the probe, heavier resonances can mix 
with the QED photon, but at low energies, will be insensitive to these resonances. 

Taking this physical point of view, we would simply integrate out heavy resonances 
which decouple from a given physical process with a given energy scale. For instance, 
if our probe has energies of order the mass of the first composite state Mi, we would 
define the "compositeness" e to be 



Indeed, if experimenters begin to probe the Standard Model partial compositeness at 
the LHC, (!69l) would be the quantity they probe, not (1681) . This resolves the previous 
paradox: when we say the gauge boson is more "composite" than the graviton, we 
mean that it may be possible to probe the composite structure of the gauge boson 
with TeV scale probes while the graviton will appear to be pointlike up to much 
higher scales. 



5 Numerical examples 

In this section we will provide convincing numerical evidence that the holographic 
basis correctly describes the pure source and CFT bound state fields and the mix- 
ing between the two sectors. Although we cannot provide an analytic solution to the 
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general eigenvalue problem, we can, to a high degree of accuracy, solve the problem 
numerically by considering the truncated theory, with total states ip''^ ,ip^, . . . , ip^~^. 

The scalar field theory we are studying is actually quite versatile, in the sense 
that for particular values of the localization parameter, the theory mimics that of 
other bosonic theories with localized massless modes. For example, the graviton 
h^u{x, y) can be described by the scalar theory for 6 = 0: the same equations of mo- 
tion and profiles (with respect to a fiat metric), the same mass eigenvalue equations 
and masses, and the same structure of the effective 4D Lagrangian, up to tensorial 
structure, can be derived from either theory. In fact, two phenomenologically rele- 
vant examples from RS model building, the graviton (6 = 0), and the gauge boson 
(6 = 1), will be studied in this section by simply lifting the results from our scalar 
field theorjQ. These examples are also pedagogical due to the varying degrees of 
elementary/composite mixing. To generate the Planck-weak hierarchy we will use 
irkR ~ 34.54 and k ~ 10^^ TeV ~ O.lMp , giving Kaluza-Klein masses of order 
several TeV. 

These phenomenological examples are described by the (— ) branch, 6 < 2. We 
will also demonstrate the validity of the holographic basis on the (+) branch with a 
few numerical examples. In these cases the source field is massive fl33p and there is 
mass mixing fl53l) in addition to kinetic mixing between the elementary and composite 
states. In fact there are some subtleties on this branch due to the heavy source field, 
which we will discuss shortly. 

Finally, we will also comment on the phenomenologically important scalar ex- 
amples of the radion and gauge-Higgs scalar A^. These fields are Nambu-Goldstone 
bosons, excited by gauge currents, and as such cannot be modeled by a simple bulk 
scalar field. 

For each case, we will generically use P{y) to denote the zero mode wavefunc- 
tion with respect to a fiat metric. We will show the mass eigenvalues m„ from the 
exact expression (ITB]) . as well as the CFT masses M„ fl^UI) and source mass Mg (15^ . 
We also present the numerical results of the mass eigenvalues, computed from the 
diagonalization of the mixed system flMl) for truncated theories with = 4, 10, 100 
states. The results match the physical masses m„, astonishingly well. Finally, the 
transformation matrix fH7j) is shown in several cases, from which we can see the 
precise elementary/composite content of each mass eigenstate. 

5.1 Graviton 

The zero mode graviton h^^y{x) is localized exponentially on the UV brane, with 
profile [52] 

~f{y) ~ e-^y. (70) 

^In fact it is possible to change the elementary/composite nature of the gauge field [20] and the 
graviton [5T]. Our generic scalar field theory describes the elementary/composite mixing in these 
cases as well. 
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In correlation with this UV localization, the massless graviton in the dual theory is, 
for all practical purposes, the source field. This can be seen in several ways. First, if 
we compute that the CFT spectrum derived from Dirichlet- Neumann conditions (!20|) . 
we find that it is identical the Kaluza-Klein spectrum (fT6|) to more than 14 significant 
figures. Second, the transformation which diagonalizes the system is extremely close 
to the unit matrix: V U ~ 1. In particular, the massless eigenstate is written 
(suppressing Lorentz indices) 

h\x) ~ h'{x) + sm9ghl;pT{x) + ■ ■ ■ , (71) 

where sin^^ 6g ^ 2.48 e~'"^^ ~ 10^^^. In the case of the graviton the holographic 
basis is effectively equivalent to the mass eigenbasis, as we expect when the zero mode 
is heavily UV localized. Furthermore, while the zero mode is primarily elementary 
the Kaluza-Klein modes are purely composite. In particular the first Kaluza-Klein 
mode decomposes as 

h^{x) ~ cos 9 gh^jprp^x) + ■ ■ ■ , (72) 

where cos6g ~ 1 — 6g. The higher Kaluza-Klein modes can similarly be written in 
terms of the CFT states. 



5.2 Gauge field 

Because the graviton is localized on the UV brane, the mixing is negligible and the 
diagonalization is trivial. A nontrivial example is provided by the bulk gauge field. 
The zero mode A^^{x, y) has a flat profile [231 ^ 



f\y) 



'txR 



(73) 



The field is not localized in the extra dimension and thus we expect it to have a 
significant composite mixture in the dual theory. The dual interpretation of bulk 
gauge fields is discussed in [5], [25]. Table [1] shows that the diagonal CFT masses 
differ from the eigenmasses to a much greater extent than in the graviton case. Also 



n 






N = A 


A^ = 10 


A^ = 100 




















1 


2.44751138 


2.40188495 


2.44755043 


2.44751619 


2.44751142 


2 


5.56073721 


5.51332800 


5.56098310 


5.56076402 


5.56073743 


3 


8.69131408 


8.69131465 


8.69219991 


8.69138348 


8.69131465 



Table 1: Gauge field, {h = 1): a comparison of physical masses with CFT 
masses M„ and mass eigenvalues numerically computed from the A^ = 4, 10, 100 
truncated eigenvalue problem. 



shown are the eigenvalues computed from the truncated N x N problem. Notice that 
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the more states we include (larger A^), the more precisely the eigenvalues match those 
derived directly from the Kaluza-Klein spectrum ( fT6l) . This is a good indicator that 
our procedure is working and the holographic basis indeed corresponds to the pure 
elementary and pure composite fields in the dual theory. 

The transformation matrix which diagonalizes the gauge field action is 



( 1 







-0.19 0.13 
-0.98 -0.03 
0.01 -0.99 



,1{CFT) 
.1{CFT) 



/ V 



(74) 



The zero mode gauge field is primarily an elementary field. The massive eigenstates, 
on the other hand, are comprised of purely composite fields, with no elementary 
mixture. In fact an approximate analytic expression can again be written for the 
N = 2 case, leading to 



4° 

41 



A^ + sin^^4(^^^) + ... 
cos^^^4(^^^) + ... , 



(75) 



where sin 

Because the zero mode is fiat, we might have expected a massless eigenstate 
containing roughly half source and half composite content. However, localization of 
the zero mode provides only a rough guide to the holographic theory. In fact, the 
mixing between the elementary gauge field and the corresponding CFT current J'^^'^ 
is marginal since Aj = 3 (IT^ . explaining why the zero mode is primarily elementary. 



5.3 Scalar fields 
5.3.1 6 = 2 

An interesting instructive example occurs for a scalar field with 6 = 2. The zero 
mode is localized on the IR brane, 

f\y) ~ e''. (76) 

At the point 6 = 2, the dimension of the operator O takes its lowest value, A = 2, 
corresponding to strong mixing between the two sectors. We should therefore expect 
that the zero mode is half elementary and half composite. Using the holographic 
basis, we can see that this is the case. 

First, it is clear that the diagonalization procedure works from Table [21 The 
computed eigenvalues from the N x N problem become successively closer to the 
true eigenvalue m„ as we increase A^. An interesting feature in this case is that the 
eigenmasses and the diagonal CFT masses differ greatly level by level, in contrast 
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to the graviton and gauge boson cases. It is clear what is happening: the CFT is 
producing a very hght state, indicating that the massless mode will contain a large 
CFT component. Furthermore, comparing the diagonal masses, it is apparent that 
the nth Kaluza-Klein mode will be composed primarily of the (n + l)th CFT state. 



n 


m„ 




N = A 


A^= 10 


= 100 




















1 


3.82701899632 


0.24297921275 


3.82703429186 


3.82701915239 


3.82701899633 


2 


7.00700617376 


3.87522598167 


7.00725928486 


7.00700795318 


7.00700617389 


3 


10.1610259641 


7.05530379320 


69.6177731631 


10.1610342131 


10.1610259647 



Table 2: Scalar field (6 = 2): A comparison of physical masses m„ with CFT masses 
Mn and mass eigenvalues numerically computed from the A^ = 4, 10, 100 truncated 
eigenvalue problem. 



Now let us examine the field content of the mass eigenstates. In terms of the 
source and CFT fields, the mass eigenstates are 







\ 


( 1 


-0.99994 


0.00996 


-0.00409 ■ 




1 











-0.01005 


-0.99980 


0.01440 ■ 












= 


-0.00401 


0.01462 


0.99972 ■ 















-0.00229 


0.00679 


-0.01526 • 






\ 




) 


v 










\ ■■ J 



(77) 



For the massless eigenstate, we see that the first excited CFT field contributes almost 
as much as the source field. In fact = 2 is the transition point for which the source 
field provides the single most dominant contribution to the zero mode. The fact that 
6 = 2 is a special point was also noticed in the Schrodinger potentials [2S] ■ 

5.3.2 Composite scalars 

Another phenomenological example for bosons is provided by the Higgs boson in 
Randall- Sundrum models [4j, which lives on the IR brane. The Higgs boson is purely 
a composite of the CFT, with no elementary component, which can be seen by taking 
the limit 6 — oo in (1631) . However, to check that our formalism works on the (+) 
branch, which is qualitatively different than the (— ) branch due to a massive source 
fl33p as well as mass mixing (135]) . we will study two examples for 6 > 2. Numerically, 
it is much more difficult to analyze the (+) branch because the source field becomes 
massive. Eq. fl33l) shows that almost immediately for b > 2, the source picks up 
a mass of order k. To properly analyze the mixing and compute the correct mass 
eigenvalues, we must include at least as many composites so that the heaviest state 
in the N x N problem is not the source. For the large warping necessary to solve the 
hierarchy problem, this quickly becomes impractical since CFT masses are of order 
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TeV rather than k. Luckily, we can compute the eigenvectors analytically as shown 
in Section 4. 

To demonstrate that the holographic basis is correct on the (+) branch, we will 
first study the case b = 2.05, using phenomenological values for k and R. In this 
case, the mass of the source is comparable to the lowest lying CFT states, Ms ~ 2.5 
TeV, and thus can easily be analyzed for relatively small N. Table [3] shows clearly 
that the holographic basis is working. 



n 


m„ 




N=4: 


iV= 10 


= 100 








2.502475807 


0.001287282 


0.000726358 


0.000215505 


1 


4.053119994 


0.086364624 


4.053121203 


4.053120426 


4.053120032 


2 


7.367700516 


4.059345524 


7.367705124 


7.367700972 


7.367700556 


3 


10.65244351 


7.374205523 


183.1948315 


10.65244407 


10.65244356 



Table 3: Scalar field on (+) branch {b = 2.05): a comparison of physical masses m„ 
with CFT masses M„ and mass eigenvalues numerically computed from the N = 
4, 10, 100 truncated eigenvalue problem. 



Notice in particular that the diagonalized zero mode mass is nonzero for finite 
A^. This shouldn't surprise us for the truncated N x N problem, as we know that 
the determinant of the mass matrix involves an infinite sum (HHil . The analytic proof 
that the general problem contains a massless eigenstate is given in the Appendix. We 
can be confident of the validity of the holographic basis since as we increase N, the 
diagonalized eigenvalue tends toward zero. Also, the massive eigenvalues computed 
from the diagonalization match the physical masses ever more precisely as we increase 
the number of states in the truncated theory. 

The first excited CFT state now provides the dominant contribution to the zero 
mode in the holographic basis as is seen from the transformation matrix: 



/ 00 \ 



I 0.99987 
0.04698 
-0.01035 
0.01018 



~ 1 

-0.00118 
0.00049 
-0.00029 



-0.0012 
-0.999997 
-0.001839 

0.000876 



0.0005 
0.00184 
-0.999995 
-0.00198 



(78) 

Next, we analyze an example where the zero mode is largely a composite state, 
6 = 4. The zero mode is extremely localized on the IR brane in this case, and as 
mentioned a moment ago, the source receives a large mass of order k. It is impractical 
to use the phenomenological values for k and R to analyze this case numerically 
since the source mass would be Planck scale, and thus an extremely large number 
of composite states would have to be included in the finite problem to ensure 
accurate results. Instead, we will assume a far more modest warping, using irkR ~ 1 
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and ~ 1 TeV, which makes the source mass comparable to the composite masses, 
thus allowing for a numerical solution with only a small number of composite states 
in the truncation. The numerical results are presented in Table HI Again, as we 



n 


m„ 




N = A 


A^= 10 


= 100 








3.013767 


0.013504 


0.007471 


0.002366 


1 


2.454013 


0.252420 


2.457739 


2.454435 


2.454042 


2 


4.055413 


2.784510 


4.097470 


4.056788 


4.055450 


3 


5.765917 


4.601716 


7.790989 


5.769759 


5.765952 



Table 4: Scalar field on (+) branch {b = 4) with weak warping: a comparison of 
physical masses m„ with CFT masses M„ and mass eigenvalues numerically computed 
from the N = 4, 10, 100 truncated eigenvalue problem. 



increase the number of states A^, we see that the diagonalized eigenvalues approach 
the physical masses. In terms of the source and composite fields, the mass eigenstates 
are 
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0.5932 


0.9979 


-0.0418 


-0.0273 ■ 
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-0.7064 


0.0544 


0.9536 


0.1944 ■ 










0^ = 




0.2964 


-0.0281 


0.2698 


-0.8852 • 














0.1952 


-0.0154 


0.1021 


0.3848 • 










'■■ J 


\ 












v 




) 



As we expect the zero mode is now primarily a composite field, with a much smaller 
admixture of source field. The massive eigenstates now contain a percentage of 
elementary content, different from the (— ) branch. 



5.4 Nambu-Goldstone modes of broken symmetry 

The final bosonic example from realistic warped models is provided by the scalar 
radion and fields. These massless fields have the following profile: 

f'{y) ~ e'y, (80) 

which is identical to the zero mode of the scalar 6 = 2 case (1761) . Thus, we might 
naively believe that our previous analysis of the mixing for the case b = 2 can be 
applied to the radion and A^. This is incorrect, and in fact these gauge degrees of 
freedom cannot be modeled by a simple bulk scalar field. The correct interpretation 
of these zero modes is that they are Nambu-Goldstone bosons of a broken symmetry, 
and are purely composite bound states of the CFT. 

The holographic interpretation of the radion is presented in E] ■ The presence 
of an IR brane and the dual spontaneous conformal symmetry breakdown at low 
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energies is accompanied by the appearance of the radion, the Nambu-Goldstone bo- 
son of conformal symmetry breaking. In particular [6j found a massless pole in the 
transverse-traceless energy-momentum two-point function below the scale of confor- 
mal symmetry breaking, which can only be ascribed to the radion mode. 

Similarly, the zero mode is a Nambu-Goldstone boson associated with the 
breaking of a global CFT symmetry [27|, with global symmetry current J^^'^ ■ Let 
us examine the two point function {J^J^,), and see that a pole at = exists as well 
for this case. The calculation parallels that of [5j, except that for our case, we must 
apply Dirichlet conditions at the IR brane in order to obtain an A^, zero mode. It is 
precisely this Dirichlet condition that corresponds to breaking the global symmetry 
with strong CFT dynamics. The approximate expression for the correlator at low 
energies p <C ke~'"^^ is 

and we see the massless pole corresponding to the exchange of the Nambu-Goldstone 
mode A^. Contrast this with the calculation of [5], where Neumann boundary con- 
ditions are applied at the IR brane and no such pole appears. This is to be expected 
since a Neumann condition is dual to an unbroken global CFT symmetry, and a 
Nambu-Goldstone boson should not appear in the spectrum. 

Again, we emphasize that the holographic interpretation of these modes is that 
they are 100% composite. The radion and Ar, do not mix with an external source 
field, so clearly no holographic basis is necessary. 

6 Conclusion 

Theories in a slice of AdSs have a dual description in terms of bound states of a 
strongly coupled CFT mixing with an elementary dynamical source field. We have 
shown how to quantitatively describe this mixing using the holographic basis. Rather 
than expand the bulk field directly in mass eigenstates, we expand the field in terms 
of a pure source field and pure CFT composite fields. The effective Lagrangian 
contains in general both kinetic and mass mixing. We have shown how to diagonalize 
this Lagrangian, and provided numerical examples that it leads correctly back to 
the mass eigenbasis. We have also demonstrated analytically that there is a massless 
eigenstate. Although we focused on bosonic fields in this paper, the holographic basis 
can be used to describe fermions as well [lOj. 

The holographic basis provides an important entry in the AdS/CFT "dictionary", 
allowing one to understand the elementary/composite interpretation of warped mod- 
els in an explicit quantitative manner. Any bulk theory containing zero modes is 



log {ip/2k) + 7 - 



9lk 



2Ji (ipe^'^^/k) 



+ ... 



(82) 
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dual to the existence of an elementary sector, and in these cases our formalism is 
very useful. Warped models of electroweak symmetry breaking and supersymmetry 
breaking (see Ref. [9] for a review) provide relevant examples of beyond-the-Standard 
Model scenarios where the holographic basis can be applied to help quantify the dual 
interpretation. In particular for collider physics nontrivial form factors of partially 
composite particles could be measured at the LHC (or eventually at the ILC), and 
these can be conveniently computed in the holographic basis. The holographic basis 
is manifest in AdS/QCD models with pure QCD states interacting with elementary 
states of QED and gravity. 

Theoretically, our formalism can be extended to account for brane-localized ki- 
netic terms, which could modify the holographic wavefunctions and affect the elemen- 
tary/composite content. Furthermore, it seems unlikely that this tool is exclusive to 
pure AdSs geometries, and therefore it would be useful to formulate a holographic 
basis for more general geometries, which are asymptotically AdS in the UV region. 
Finally it would be interesting to identify our holographic basis in warped string com- 
pactifications where the underlying dual 4D theory can in principle be determined. 
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A Sum rules 

We will present some useful sum rules by using the completeness of the CFT eigen- 
functions: 

oo 

Y.9''{y)9''{y')=e"''^{y-y') , (A.l) 

n=l 

where the CFT eigenf unctions are defined in fl27|) . 

Eigenvector coefRcient sum rule 

The coefficients v^"- (161 p satisfy the following sum rule: 

T{v'-y = V / dy e-''yf{y)g-{y) / dy'e-''y' f{y')g^{y') , 

n=l n=l -^0 



dy e-''y{f{y)y 

= 1. (A.2) 

In the second line we have used the completeness relation ( lA.ll) to perform the integral 
over y' and in the third line the integral follows from (fT2l) . 

Existence of a massless mode 

Next we present the proof of the existence of a massless eigenstate on the (+) 
branch as mentioned in (155|) . This follows from proving the following relation: 

,4 



n=l 

which implies that the determinant of the mass matrix (148!) vanishes and a massless 
eigenstate exists. 

The proof of (1A.3P proceeds as follows: We first rewrite the boundary term in 
full derivative 

r dy 2hke-^^yg'g-{5{y) - 5{y - nR)) = ^ dy d,i-bke-''y g-' g^ . (A.4) 
Jo Jo 

Using the source wavefunction ( l3Tl) and defining g^{y) = e~^^yg^{ii), the mass mixing 
can be written in the following simple form: 

= dy 2(2 - b)ke^'-''^''yg^d,~g'^. (A.5) 

^0 

Notice that g"'{y) obeys purely Neumann boundary conditions at y = tcR. Further- 
more, we can write the equation of motion for g"'{y) as 
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Integrating this equation, we find an expression for d^g'^{y): 



ttR 



d,riy) = M'^e-'^'-'^'y / dy'e'^'-'^'y'riy') , (A.7) 



wliicli can tlien be substituted into flA.Sp . tlius removing all partial derivatives of 
g"'{y) in the expression for /x^: 



f,l = ^dy 2(2 - h)kMle^'^yg\y) \ r dy'e'^'-'^^y' r{y') 
Jo Uv 



(A.8) 



Multiplying together flA.Sp and flS21) . the factor cancels in the sum (IA.3P and 
we can use the completeness relation (1A.1|) to perform the y' integral. We finally 
obtain 



Y.jr2 = 4(6-2)W^-^)-'=VM) / dye~''yg\y), 

4(6-2)(6-3)fc2 = . (A.9) 



n=l 

g2(2-6)7rfcR _ ^ 
~ g2(3-fe)7rfeR _ I 



Thus, the determinant (l48l) is exactly zero in the infinite dimensional case, and we 
have proved the existence of a massless mode. 
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